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This work concerns the combined oscillatory flow and current in a circular, smooth
pipe. The study comprises wall shear stress measurements, and laser-Doppler-
anemometer velocity and turbulence measurements. Three kinds of pipes were used,
with diameters D¯ 19 cm, 9 cm, and 1.1 cm, enabling the influence of the parameter
R}δ to be studied in the investigation (R}δ ranging from about 3 to 53), where R is the
radius of the pipe, and δ is the Stokes layer thickness. The ranges of the two other
parameters of the combined flow processes, namely the current Reynolds number, Re

c
,

and the oscillatory-flow boundary-layer (i.e. the wave–boundary layer) Reynolds
number, Re

w
, are : Re

c
¯ 0–1.6¬10&, and Re

w
¯ 0–7¬10'. The transition to turbulence

in the combined flow case occurs at a current Reynolds number larger than the
conventional value, ca. 2¬10$, depending on Re

w
, and R}δ. A turbulent current can

be laminarized by superimposing an oscillatory flow. The overall average value of the
wall shear stress (the mean wall shear stress) may retain its steady-current value, it may
decrease, or it may increase, depending on the flow regime. The increase (which can be
as much as a factor of 4) occurs when the combined flow is in the wave-dominated
regime, while the oscillatory-flow component of the flow is in the turbulent regime. The
component of the wall shear stress oscillating around the mean wall shear stress can
also increase with respect to its oscillatory-flow-alone value. For this to occur, the
originally laminar oscillatory boundary layer needs to become a fully developed
turbulent boundary layer, when a turbulent current is superimposed. This increase can
be as much as O(3–4). The velocity profiles across the cross-section of the pipe change
near the wall when an oscillatory flow is superimposed on a current, in agreement with
the results of the wall shear stress measurements. The period-averaged turbulence
profiles across the cross-section of the pipe behave differently for different flow regimes.
When the two components of the flow are equally significant, the turbulence profile
appears to be different from those corresponding to the fundamental cases ; the level
of turbulence increases (only slightly) with respect to those experienced in the
fundamental cases.

1. Introduction

Waves in a coastal environment usually co-exist with currents. The waves and
currents interact through a number of mechanisms such as modification of the wave
kinematics by the current, modification of the current (over the entire flow depth) by
the presence of the waves, and the interaction of the wave and current boundary layers.
The present study concerns the wave–current interaction within the bottom boundary
layer.

The wave–current boundary layer interaction has been the subject of a great many
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investigations in the last decade or so; Bakker & van Doorn (1978), Kemp & Simons
(1982, 1983), Asano, Nakagawa & Iwagaki (1986), Myrhaug, Reed & Fyfe (1987),
Simons et al. (1988), Sleath (1990), Simons, Grass & Mansour-Tehrani (1992),
Arnskov, Fredsøe & Sumer (1993), and Simons et al. (1994) on the experimental side;
Bijker (1967), Grant & Madsen (1979), Fredsøe (1984), van Kesteren & Bakker (1984),
Christoffersen & Jonsson (1985), Justesen (1988), Davies, Soulsby & King (1988),
Myrhaug & Slaattelid (1990), Huynh-Thanh & Temperville (1991) and Sleath (1991),
among others, on the theoretical side. Field work has also been carried out, notably by
Grant et al. (1983), Huntley & Hazen (1988), Myrhaug & Slaattelid (1989), and
Soulsby & Humphery (1990). A recent major review on the subject has been published
by Soulsby et al. (1993).

The previously mentioned research has shown that a wave field superimposed on a
current may change the mean and turbulence properties of the bottom boundary layer
significantly, therefore influencing the sediment transport to a large degree. The
aforementioned changes in the flow may include the following processes. (i) The mean
bed shear stress may increase, or remain constant, or even decrease (as will be
demonstrated in the present study) with respect to its steady-current value. (ii)
Likewise, the maximum bed shear stress may increase, or it may retain its steady-
current value when the waves are introduced. (iii) Furthermore, the turbulence in the
bed shear stress may be suppressed, or it may even completely disappear when waves
are superimposed on a current (as first observed by Gilbrech & Combs 1963 and
Sarpkaya 1966). Although the previously mentioned research has thrown considerable
light on the wave–current boundary layer interaction, comparatively little is known
about the mechanics of the complex flow processes in this interaction mechanism. No
clear, comprehensive understanding of these processes is yet available.

The purpose of the present investigation is to study these flow processes in a ‘clean’
wave–current flow environment where the oscillating component of the flow (induced
by real waves) is simulated by an oscillatory flow (in an oscillatory water tunnel, as
described in §2), thereby eliminating the additional effects such as wave nonlinearity
and wave asymmetry, plus more importantly enabling the ‘ full scale ’ wave-induced
velocities (hence, the fully developed turbulent wave-boundary layer conditions) to be
produced under laboratory conditions, a feature which could not be fully achieved in
the previous research. Furthermore, a circular pipe has been adopted in the present
study in favour of a rectangular cross-section tunnel, to experiment with a truly two-
dimensional wave–current flow, without any kind of secondary currents, which are
unavoidable in a rectangular cross-section flow environment.

There exists quite a substantial literature on ‘pulsating Poiseuille flows’ in circular
pipes : Gilbrech & Combs (1963), Sarpkaya (1966), Tromans (1978), Ramaprian & Tu
(1980, 1983), Tu & Ramaprian (1983), Shemer, Wygnanski & Kit (1985), Mao &
Hanratty (1986, 1994), Stettler & Hussain (1986), Finnicum & Hanratty (1988). Tardu,
Binder & Blackwelder (1994), on the other hand, studied the pulsating Poiseuille flow
in a channel. However, the common features of these studies are that (i) the combined
oscillatory flow and current is always in the current-dominated flow regime, and (ii) the
oscillatory component of the flow is in the laminar- or transitional-flow regime.
Therefore, various characteristics of the combined flow associated with the wave-
dominated, fully developed turbulent wave-boundary-layer flows (such as the increase
in the mean wall shear stress, and the increase in the maximum wall shear stress, as will
be demonstrated in the present paper) could not be captured.

The present study covers practically the entire range of wave–current flows, namely
from the current-dominated-flow regime to the wave-dominated-flow regime, and from
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the laminar-wave-boundary-layer flow regime to the fully developed-turbulent-wave-
boundary-layer flow regime. The mechanisms governing the various flow processes in
the bottom boundary layer are also discussed.

2. Experimental set-up

The experiments were carried out in a U-shaped oscillatory water tunnel, 10 m in
length (plus a 2.2 m long contraction section at the two ends), 0.39 m in width and
0.29 m in height. The tunnel is the same as that described in Jensen, Sumer & Fredsøe
(1989). The top and the side walls of the tunnel are made of smooth transparent
Perspex plates.

The flow environment of the present study was a circular pipe, as mentioned in the
previous section. The pipe was placed in the tunnel (figures 1a and 1c), and rigidly fixed
to it. Three kinds of pipes were used in the experiments, with diameters D¯ 19 cm,
9 cm, and 1.1 cm. Different pipe diameters make it possible to vary the parameter R}δ
(one of the parameters of the study) significantly, as will be seen later in the paper.
Here, R is the radius of the pipe, and δ is the Stokes layer thickness defined by

δ¯ (2ν}ω)"/#, (1)

in which ω¯ 2π}T is the angular frequency of the oscillatory component of the
combined flow, T is the period, and ν is the kinematic viscosity. These transparent
Perspex pipes had trumpet-mouth inlets at both ends. The pipes’ surface was smooth.
No water flow was allowed in the space between the pipe and the tunnel. The 19 cm
pipe was 10 m long, extending along the entire length (10 m) of the working section of
the tunnel, while the 9 cm pipe was 7.5 m long, and the 1.1 cm pipe was 5 m long. The
selection of the lengths of the latter two pipes are simply for convenience.

The movement of the pipe walls was checked under varying pressure, and was found
to be virtually nil.

The current in the tunnel was provided by a constant head tank, the head being 6 m
with respect to the mean water level in the risers of the tunnel. The desired flow rate
was obtained by simultaneous adjustments of the inlet and the outlet valves of the
tunnel (figure 1c). The flow rate itself was measured by a magnetic flow meter installed
on the supply pipe (figure 1c) before the pipe enters the tunnel.

The oscillatory flow in the tunnel is driven by an electronically controlled pneumatic
system (figure 1c) in exactly the same fashion as in Jensen et al.’s (1989) study.

The procedure adopted in the case of a combined flow is described in detail in §2.3.
The measured velocity profiles across the pipe cross-section revealed that the flow rate
in the combined flow case was maintained the same as in the current-alone situation
(within less than 1%).

The centreline velocity, and, in some cases, the water level in the open riser of the
tunnel were used as the reference signal.

Two kinds of measurements were made: the wall shear stress measurements, and the
velocity profile measurements. All the measurements were made in the middle section
of the tunnel (5 m downstream from the junction between the contraction section and
the working section).

2.1. The wall shear stress measurements

The wall shear stress was measured with a Dantec 9055 R 0461 hot-film probe. The
probe was mounted flush to the wall of the pipe (figure 1a). The size of the thermal
element in the probe was 0.75 mm, meaning that the wall shear-stress signal is averaged
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F 1. (a) Cross-section of the experimental tunnel and the pipe. (b) Definition sketch.
(c) Schematic of the set up.

out over a distance in the transverse direction of lU
f
}ν¯O(7.5) for a wall shear-stress

velocity of U
f
¯O(1 cm s−"), and O(75) for a wall shear stress velocity of U

f
¯

O(10 cm s−"). Details of the measurement technique and the accuracy of the instrument
are given in Sumer et al. (1993).

The calibration of the probe at small wall shear stresses was made in situ,
determining the calibration coefficients A and B in the calibration relation

τ"/$
!

¯AE #B (2)

using the relationship between the centreline velocity and the wall shear stress in the
case of a laminar oscillatory flow in the pipe. Here E is the voltage drop. For turbulent
flows, (2) holds provided that τ

!
is the instantaneous value of the wall shear stress, and

E the corresponding instantaneous voltage drop (Hanratty & Campbell 1983). It may
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be noted that the calibration curve at higher shear stresses obtained in our earlier work
with a three-sided calibration channel (1 mm in depth and 30 mm in width, placed over
the probe in the case of a plane boundary) confirmed this.

In the case of the combined current and oscillatory flow, the velocity of the fluid just
above the shear stress probe was measured with a two-component laser-Doppler-
anemometer (LDA), to detect the direction of the wall shear stress when it is not
straightforward from the wall-shear-stress measurement itself (e.g. in the case of the
combined flow where the current velocity and the maximum value of the oscillatory
flow velocity are quite close to each other).

The wall shear stress measurements were not made in the 1.1 cm diameter pipe,
because the size of the housing of the hot-film probe (2 mm in diameter) was too big
with respect to the rather small size of the pipe.

2.2. The �elocity profile measurements

The velocity profile measurements (including the turbulence profiles) were made in the
19 cm diameter pipe, using a two-component LDA system – a fibre optic LDA system
consisting of a 100 mW argon laser, two Dantec 55N10 frequency shifters and two
Dantec 55N20 frequency trackers. The measured velocity components are : x- (the
streamwise) and z- (the tangential) velocity components, u and w, respectively (figure
1b). The LDA probe was traversed along the y-axis over the entire radius of the pipe
(figure 1a) for these measurements. The measurement of the velocity component
normal to the wall (the �-component) was not straightforward; the u- and w-
measurements were performed by shooting the laser in the plane passing through the
centre of the pipe so that the laser beam reached the pipe at a right angle, whereas with
any other shooting angle, some deflection of the laser beam might occur, and this
creates a problem in determining the location of the actual measurement point in a
closed environment like the present one, particularly near the wall. For this reason, the
measurement of the velocity component normal to the wall was abandoned in the
present study.

A one-component LDA system, a 15 mW He–Ne laser equipped with a Dantec
55N10 frequency shifter and a Dantec 55N20 frequency tracker, was used to monitor
the centreline velocity in the pipe.

Both LDA system were used in forward scatter mode. The dimensions of the
measuring volume were (d

x
¬d

y
¬d

z
)¯ 0.15 mm¬2.5 mm¬0.15 mm for the two-

component LDA, and (d
x
¬d

y
¬d

z
)¯ 0.6 mm¬12.0 mm¬0.6 mm for the one-

component LDA.
The measurements were made with a sampling interval of 24 ms, corresponding to

416 samples per cycle. In the turbulent flow regime, at least 50 cycles were sampled in
each test. In the laminar oscillatory flow case, typically 5 cycles were sampled. The
recorded time series in this latter case revealed that the successive periods of the motion
were virtually the same.

In the case of a steady current, mean values were obtained through time-averaging,
the sampling time for which was about 5 minutes.

In the case of an oscillatory flow, and also in the case of a combined oscillatory flow
and current, mean values were calculated through ensemble averaging, e.g.

τh
!
(ωt)¯

1

N 3
N

j="

τ
!
[ω(t( j®1)T )], (3)

in which τh
!

is the ensemble-mean wall shear stress, ω is the angular frequency of the
oscillatory flow, t is the time, and N is the total number of cycles sampled.
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2.3. Experimental procedure

The experimental procedure adopted in a typical experiment to measure the wall shear
stress in combined flows was as follows: (i) First the wall shear-stress probe was
calibrated. (ii) Subsequently, the desired current was established in the pipe, and the
‘current alone’ measurements (the centre line velocity and shear stress measurements)
were made. (iii) Then the first oscillatory motion was superimposed, and the
corresponding wall shear stress measurement was made. Here, the desired oscillatory
flow was achieved in the combined flow by driving the piston of the pneumatic system
at the desired amplitude. Furthermore, the flow rate was monitored constantly by the
previously mentioned magnetic flow meter, to check if it was maintained constant. (iv)
The previous step was repeated for further increases in the velocity of the oscillatory
flow. (v) Upon the completion of the test program corresponding to that particular
current, the wall shear stress probe was calibrated again. If there was a change in the
calibration, the entire data set was rejected. (This was the case in a few tests.)

In the case of the velocity profile measurements, the same procedure was adopted.

3. Test conditions

3.1. Fundamental case 1. Current-alone tests

Table 1 summarizes the test conditions for the measurements in the current-alone tests.
In the table, U

cl
is the centreline velocity, V is the cross-sectional mean velocity

(obtained from the measured velocity profiles), τ
!
is the wall shear stress, ρ is the fluid

density, and Re
c
is the Reynolds number defined by

Re
c
¯DV}ν. (4)

3.2. Fundamental case 2. Oscillatory-flow-alone tests

Table 2 summarizes the test conditions for the measurements in the oscillatory-flow-
alone case. In the table, U

m
is the maximum value of the sinusoidal oscillatory flow

velocity at the centreline of the pipe, i.e.

U¯U
m

sin(ωt), (5)

a is the amplitude of the oscillatory flow at the same location (calculated as a¯U
m

T}
(2π)), and Re

w
is the Reynolds number of the oscillatory boundary-layer flow,

defined by
Re

w
¯ aU

m
}ν. (6)

Note that U
m

values quoted in the table are directly measured values.

3.3. Combined oscillatory flow and current tests

The test conditions corresponding to these tests are summarized in table 3. The
procedure followed in these tests has been described in §2.3. The V and U

m
values

quoted in the table are those values corresponding to the steady-current and the
oscillatory-flow components, respectively.

As seen from the table, a total of 96 combinations of current and oscillatory flow was
achieved in the 19 cm diameter pipe. This figure was 72 for the 9 cm diameter pipe and
24 for the 1.1 cm diameter pipe.
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D (cm) U
cl

(m s−") V (m s−") Re
c

Measured
quantities

Total
number
of tests

19 0.023–0.94 0.012–0.84 2.2¬10$–1.6¬10& U
cl
, u(y), τ

!
7

19 0.17 0.14 2.7¬10% U
cl
, τ

!
, u(y),w(y) 1

19 0.94 0.84 1.6¬10& U
cl
, τ

!
, u(y),w(y) 1

9.0 0.044–2.15 0.222–1.77 2.0¬10$–5.5¬10& U
cl
, τ

!
, u(y),w(y) 6

1.1 0.43; 0.46 0.22; 0.23 2.4¬10$ ; 2.5¬10$ U
cl

2

T 1. Test conditions for the fundamental case : current alone

D (cm) T (s) U
m

(m s−") a (m) Re
w

R}δ
Measured
quantities

Total
number
of tests

19 10 0.01–1.17 0.016–1.86 2¬10#–2.2¬10' 53 U
cl
, τ

!
47

19 10 0.62 0.98 6¬10& 53 U
cl
, u(y), τ

!
1

19 10 1.14 1.81 2.1¬10' 53 U
cl
, u(y), τ

!
1

9.0 10 0.038–2.5 0.06–3.98 2.3¬10$–9.9¬10' 25 U
cl
, τ

!
18

1.1 5.3 0.67 0.56 3.8¬10& 4.2 U
cl

1
1.1 10 1.18 1.88 2.2¬10' 3.1 U

cl
1

T 2. Test conditions for the fundamental case : oscillatory-flow alone

4. Laminar-to-turbulent transition

4.1. Oscillatory flow alone

The transition to turbulence is governed by two non-dimensional quantities in this
case, namely the oscillatory-flow Reynolds number, and the radius-to-Stokes’-layer-
thickness ratio :

Re
w

and R}δ. (7)

Figure 2 illustrates the time series of rτ
!
r, the absolute value of the wall shear stress,

for the case where Re
w

¯ 1.8¬10& and R}δ¯ 53. As seen, turbulence first emerges just
prior to the wall shear stress reversal (the spikes prior to the wall shear stress reversals
are marked by arrows), similar to the results of Hino, Sawamoto & Takasu (1976) and
Jensen et al. (1989). Kemp & Simons (1982) also noted high turbulence in the
decelerating phase. This is because the adverse pressure gradient becomes relatively
large, and the near-wall velocities become relatively small at these phase values,
presumably leading to a favourable environment for the initiation of turbulence. Some
researchers like Foster, Holman & Beach (1994), and Foster (1996) have suggested that
the turbulence here is caused by a shear instability of the velocity profile which, at this
phase, has an inflection point.

Figure 3 depicts the transition-to-turbulence data on the plane of the Reynolds
number, Re

w
, and the radius-to-Stokes’-layer-thickness ratio, R}δ. In the figure,

Tromans’ (1978) result obtained from the linear stability analysis is also plotted. Note
that the transition to turbulence in the present tests was judged to occur when there was
any sign of imperfection in the wall shear stress signal, certainly different from the
typical smooth, laminar-flow signal. The latter normally emerged in the deceleration
stage in the form of spikes, as described in the preceding paragraphs, and also in Jensen
et al. (1989).
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F 2. Time series of the wall shear stress in oscillatory flow alone. R}δ¯ 53, Re
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F 3. Transition to turbulence in oscillatory flow alone.

From figure 3, the present data and the data from other researchers except Hino et
al. (1976) appear to be in agreement. It is also seen that the present data are in very
good agreement with the Tromans stability curve. There is, however, a marked
discrepancy between the data of Hino et al. and those of others. No clear explanation
has been found for this.

Secondly, from figure 3, the critical value of Re
w

approaches the asymptotic value
Re

w
¯ 1.5¬10&, as R}δU¢, i.e. the critical value of the Reynolds number for

transition known from the plane-wall oscillatory flow research (see e.g. Jensen et al.
1989), as expected.

Thirdly, the critical value of Re
w

begins to increase, as R}δ decreases (R}δ# 10).
This behaviour is, in fact, expected: as R}δU 0, the flow will behave like a steady pipe
flow, meaning that the governing parameters, namely Re

w
and R}δ, should reduce to

U
m

D}ν (or, alternatively to VD}ν, where V¯ "

#
U

m
), the parameter which governs the

steady pipe flow. This is possible only for one combination of Re
w

and R}δ, namely
Re

w
(R}δ)#, as seen from

RE
w0Rδ 1

#

¯
1

8 0
U

m
D

ν 1#. (8)

The transition to turbulence in this asymptotic case occurs when U
m

D}ν (or,
alternatively VD}ν) reaches a certain value. Hence in this asymptotic case, the
transition occurs for a critical value of Re

w
(R}δ)#. This clearly shows that the critical
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value of Re
w

should increase with decreasing R}δ, as R}δU 0. (When V¯ "

#
U

m
is

inserted in (8), and the critical value of VD}ν is taken as 2¬10$, the critical value of
Re

w
(R}δ)# for transition is found to be 2¬10'.)

4.2. Combined oscillatory flow and current

In the case of combined flows, in addition to the non-dimensional quantities given in
(7), the current Reynolds number Re

c
should also be involved. Hence, the transition to

turbulence is governed by the following three non-dimensional quantities :

Re
w
,R}δ and Re

c
. (9)

Figure 4 presents the time series of the wall shear stress for three different
combinations of the oscillatory flow and the current for the 19 cm diameter pipe (R}δ¯
53). In figure 4(a) the oscillatory component in zero and the current has Re

c
¯

6.6¬10$ ; the flow is in the turbulent regime. In figure 4(b) the oscillatory flow is
introduced corresponding to an oscillatory-flow Reynolds number of Re

w
¯ 10&, while

the current component (hence Re
c
) is maintained the same as before. In figure 4(c) the

oscillatory flow velocity is increased by a factor of 2 (Re
w

¯ 2¬10&), while still keeping
the current Re

c
the same. As seen clearly from figure 4(b), with the introduction of the

oscillatory flow, the flow is laminarized. However, when Re
w

is increased by a factor
of 2 in figure 4(c) the flow becomes turbulent again; the transition to turbulence occurs
in the deceleration stage just prior to the reversal of the wall shear stress, in much the
same way as in figure 2.

Figure 5 presents the transition data, on the (Re
w
,Re

c
)-plane, obtained for the 19 cm
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diameter pipe (R}δ¯ 53). Figure 5 also contains the contour plot of V}U
m
. We shall

return to this later in the section.
First, the data in figure 5 indicate that (i) the critical value of Re

c
approaches

(Re
c
)
cr

E 2¬10$, as Re
w

U 0 (the value known from the steady pipe flow research,
Schlichting 1979, p. 451), and (ii) the critical value of Re

w
approaches

(Re
w
)
cr

¯ 1.5¬10&, as Re
c
U 0 (the value obtained from the oscillatory-flow-alone tests

and from the linear stability analysis, figure 3).
Secondly, the transition to turbulence is delayed by superimposing an oscillatory

flow on the current ; while the transition occurs at Re
c
E 2¬10$ in the case of the pure

current, it occurs only after Re
c
reaches a value of about 7.5¬10$ in the case of the

combined flow with Re
w

¯ 8¬10%, a factor of 3.5 increase in the critical value of the
Reynolds number Re

c
.

Thirdly, the figure indicates that a turbulent current flow can be laminarized by
introducing an oscillatory flow (cf. figure 4b). It shows that the Re

w
range where the

flow is laminarized varies with the current Reynolds number Re
c
: for the data given in

figure 5, this range extends from Re
w

E 10$ to Re
w

E 1.5¬10& for Re
c
¯ 3¬10$, and

from Re
w

E 3¬10% to Re
w

E 1.5¬10& for Re
c
¯ 6¬10$. (This process, termed the re-

laminarization, has been recognized by earlier researchers such as Gilbrech & Combs
1963, Sarpkaya 1966, and Ramaprian & Tu 1980).

This paragraph will address the issue of the re-laminarization. Figure 5 depicts the
V}U

m
¯ constant lines. These lines were obtained from

V

U
m

¯
1

2o2

Re
c

(R}δ)Re"/#
w

. (10)

Small values of V}U
m

such as V}U
m

¯O(0.1) mean that the combined flow will be
dominated by its oscillatory-flow component (hereafter called the ‘wave-dominated
flow’). A close inspection of figure 5 together with figure 3 apparently indicates that,
in the wave-dominated case, the flow regime is actually determined by the regime of the
oscillatory-flow component itself : if the oscillatory component is in the laminar regime,
then the combined flow will also be in the laminar regime, and vice versa, regardless
of the regime of the current component of the combined flow. So, for the re-
laminarization of the flow to occur, first and foremost the velocity ratio V}U

m
should

be sufficiently small so that the flow becomes wave dominated, and secondly the
Reynolds number of the oscillatory component of the flow, Re

w
, should be sufficiently

small so that the oscillatory component of the flow is in the laminar flow regime (figure
3). Other tests conducted in the present study with different values of R}δ all indicated
the same behaviour (see figures 6 and 7).

It may be argued that the relaminarization occurs because the current turbulence is
suppressed by the waves of vorticity of alternating signs that rise from the surface.
However, in view of the results described in the preceding paragraphs, this argument
may not be always true. For example, the present results imply that a large-Reynolds-
number steady-current flow may not be laminarized by superimposing an oscillatory
flow, simply because that may require a large-Reynolds-number oscillatory flow for the
combined flow to be a wave-dominated flow (one of the requirements of the
relaminarization), and obviously this kind of large Reynolds-number oscillatory flow
will most likely be in the transition}turbulent regime, meaning that the re-
laminarization may never be achieved.

It is interesting to note that the way in which the transition to turbulence occurs in
the re-laminarized flow (figure 4c) is much the same as in the case of the oscillatory flow
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alone (cf. figure 2; the occurrence of spikes in the deceleration stage just prior to the
reversal of the wall shear stress). This suggests that basically the transition to
turbulence occurs due to the transition in the oscillatory component of the flow in this
case.

Figure 6 presents the transition-to-turbulence data for the other R}δ values of the
present study. Tromans’ (1978) results from the linear stability analysis (figure 3) have
also been plotted in the diagram as the asymptotic lines for the limit Re

c
U 0 (the

oscillatory-flow-alone case). The figure shows that the range of the current Reynolds
number, Re

c
, over which the re-laminarization occurs becomes narrower and narrower

with decreasing R}δ (while this range is Re
c
¯ 2¬10$–7±5¬10$ for R}δ¯ 53, it is only

Re
c
¯ 2¬10$–3.5¬10$ for R}δ¯ 3.3). This is consistent with the fact that when

R}δU 0 (the quasi-steady pipe flow), obviously no re-laminarization should occur, and
hence the previously mentioned range of Re

c
should shrink to zero.

Figures 7(a) and 7(b) compare the present data with those obtained by Gilbrech &
Combs (1964) and Sarpkaya (1966). The agreement is quite good. As seen from the
figure, the previous research covers only the current-dominated flow regime (V}U

m
*

0.7 in figure 7(a) and V}U
m

* 1 in figure 7(b), and small R}δ cases (R}δ¯ 3–4).

5. Turbulence in the wall shear stress

As seen from figures 2 and 4, turbulence generated by the oscillatory-flow-alone and
combined-flow processes must be a function of the phase, ωt. For instance, figure 8(b)
illustrates how the r.m.s. value of the fluctuating wall shear stress, (τ b!#

!
)"/#, varies over

the cycle of the oscillatory motion in the case where the combined flow has the
following combination of Reynolds numbers: Re

c
¯ 2.7¬10%, and Re

w
¯ 2.4¬10& for

the 19 cm diameter pipe (R}δ¯ 53). Here, τ!
!
, the fluctuating wall shear stress, is

τ!
!
¯ τ

!
®τh

!
(11)

in which τh
!

is the ensemble-mean wall shear stress (equation (3)). As seen, (τ b!#
!

)"/#

experiences one maximum over the flow cycle (fig. 8b). (In the oscillatory-flow-alone
case, obviously (τ b!#

!
)"/# experiences two maxima due to symmetry, one for each half-

cycle, figure 8a.)
Figures 9(a) and 9(b) display the contour plots of the maximum value of this

quantity, (τ b!#
!

)"/#
max

, normalized by the maximum value of the mean wall shear stress τ
max

(see figure 8b). In the case of the oscillatory-flow alone, τ
max

is replaced by τ
w

(figure
8a), and in the case of the steady current, τ

max
is replaced by τ

c
, the mean wall shear

stress.
First, figure 9 shows that there are three distinct flow regimes:
(i) The laminar regime where (τ b!#

!
)"/#
max

}τ
max

¯ 0.

(ii) The transitional regime where (τ b!#
!

)"/#
max

}τ
max

is in the range 0®0.25, or 0.35–0.45
(this latter range will be discussed later in the section).

(iii) The fully developed turbulent regime where (τ b!#
!

)"/#
max

}τ
max

¯ 0.25–0.35.
Secondly, the data in figure 9 reveal that (τ b!#

!
)"/#
max

}τa
!
¯ 0.25–0.34 when Re

w
¯ 0 (the

steady-current case) for large Re
c
(the fully developed turbulent regime); this is in fairly

good agreement with the range, 0.25–0.40, reported in conjunction with the steady-
current boundary-layer research (Alfredson et al. 1988; Eckelmann 1974; Mitchell &
Hanratty 1966, among others).

Thirdly, the data further show that the corresponding interval for the case when
Re

c
¯ 0 (the oscillatory-flow-alone) for large Re

w
(the fully developed turbulent



Turbulent combined oscillatory flow in a pipe 327

60

0

4

0

2

0
0 360 0 360

ωt (deg.)ωt (deg.)

τ′2
0  

1/2 (cm2 s–2)0 0

τ~0/ρ (cm2 s–2)

U
~

 (cm s–1)

τ′2
0  

1/2
max0 0 τ′2

0  
1/2
max0 0

τmax

Umax

U

ττw

Um

(a) Oscillatory flow
Rec = 0
Rew = 2.4 ×105

V/Um = 0

(b) Combined flow
Rec = 2.7 ×104

Rew = 2.4 ×105

V/Um = 0.5
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regime) is (τ b!#
!

)"/#
max

}τ
w

¯ 0.25–0.30. This is in good agreement with the previous
oscillatory-boundary layer research (Jensen et al. 1989).

Fourthly, the figures reveal that the intensity of turbulence in the wall shear stress,
(τ b!#

!
)"/#
max

}τ
max

, apparently remains practically constant for large values of Re
c
and Re

w
,

at the value of about 0.25–0.35, no matter whether the flow is one of the fundamental
flows (the steady current, or the oscillatory flow), or the combined flow.

Finally, the substantial increase in the turbulence intensity in the upper portion of
the diagrams in figure 9, namely the area where 0.35! (τ b!#

!
)"/#
max

}τ
max

! 0.45, is due to
the turbulent spikes experienced in the deceleration stage in the transition-to-
turbulence process, just prior to the reversal of the wall shear stress (figures 2 and 4).

6. Mean wall shear stress

The time-averaged mean wall shear stress, τa , is defined as the period-averaged value
of the ensemble-averaged wall shear stress :

τa ¯
1

T&
T

!

τh
!
(ωt) dt (12)

in which τh
!
(ωt) is the ensemble-mean shear stress (equation (3)). Obviously, τa represents

an overall mean (the wall shear stress is first ensemble-averaged, and then period-
averaged).

Figures 10(a) and 10(b) present the data on this quantity normalized by τ
c
, namely

τa }τ
c
, in which τ

c
is the mean wall shear stress corresponding to the current component

of the combined flow.
The vertical arrows in figure 10 indicate that, at these points, V}U

m
¯ 1. The regions

to the left of these points correspond to the current-dominated flow regime, and the
regions to the right of these points correspond to the wave-dominated flow regime.
(Obviously, there must be a range of V}U

m
around V}U

m
¯ 1 where both components

of the flow are equally significant.)
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Clearly, the ratio τa }τ
c
will have to be unity if a linear interaction takes place between

the current component and the oscillatory-flow component of the combined flow.
Figure 10 shows that :
(i) τa }τ

c
can be unity (no change in the current mean wall shear stress when an

oscillatory flow is superimposed).
(ii) It can be smaller than unity (a decrease in the mean wall shear stress with respect

to τ
c
).

(iii) It can be larger than unity (an increase in the mean wall shear stress with respect
to τ

c
).

The way in which τa }τ
c
varies with Re

w
in figure 10 is shown schematically in figure

11. There are apparently two distinct patterns, figures 11(a) and 11(b). In the former,
τa }τ

c
first decreases, and then increases with increasing Re

w
(see figures 10a, curves (i),

(ii) and to a smaller degree (iii), and also see figure 10b, (i) and (ii)), while in the latter
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(figure 11b), it increases (without experiencing any decrease) with increasing Re
w

(figures 10a (iv) and (v), and 10b (iii) and (iv)).
The decrease in the mean wall shear stress occurs (figures 10(a) (i), (ii), (iii) and 10(b)

(i), (ii)), because the flow becomes wave-dominated, plus the Re
w

of the flow is such
that the oscillatory boundary layer of the flow is in the laminar regime (Re

w
!

1.5¬10&) (figure 11a) ; the ranges of Re
w

where this decrease is experienced are the
ranges where the turbulence is completely (re-laminarization), or heavily suppressed
(0% (τ b!#

!
)"/#
max

}τ
max

) 0.1 (cf. figure 9). This means that the momentum-rich, high-
speed flow from the upper portion of the boundary layer is no longer brought into the
neighbourhood of the wall by the flow turbulence, because the turbulence is suppressed
by the re-laminarization process ; the end result is therefore a decrease in the mean wall
shear stress. Figure 10 shows that the mean wall shear stress in these regions can easily
take values as small as τ̀}τ

c
¯O(0.5), a factor of 2 decrease in τa .

By contrast, the mean wall shear stress increases (figure 10) when the flow becomes
wave-dominated but the oscillatory boundary layer of the flow is in the turbulent
regime (Re

w
" 1.5¬10&) (figure 11a, b). This is apparently due to the turbulence

generated by the oscillatory boundary layer of the flow. The momentum-rich, high-
speed flow (brought into the neighbourhood of the wall by this turbulence) in this case
penetrates much closer to the wall owing to the much smaller wave-boundary layer
thickness. Hence, the end result will be an increase in the mean wall shear stress.
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Lundgren (1972), Grant & Madsen (1979) and Fredsøe (1984) have introduced the
concept of ‘wave roughness ’ felt by the current to include this increase in the bed shear
stress in modelling of the combined flow.

It is interesting to note that even the fact that the oscillatory boundary layer becomes
turbulent is not enough for the mean wall shear stress to be affected, unless the flow
becomes wave-dominated (figure 11b). (As long as the flow remains current-dominated,
no change will occur to the mean wall shear stress).

Figures 12(a) and 12(b) present the entire data on the (Re
w
,Re

c
)-plane in the form

of contour plots. It may be noted that the increase in the wall shear stress with respect
to its steady-current value can be as much as by a factor of 4.

The preceding findings explain qualitatively the results obtained by the previous
researchers experimenting with actual wave boundary layers in wave flumes. The
existing data have been plotted by R. R. Simons in the paper by Soulsby et al. (1993) :
Kemp & Simons’ (1982, 1983) data indicate that while the mean bottom shear stress
increase quite substantially in the case of a rough bottom (the transitional}turbulent-
regime wave boundary layer), it is not radially different from the current-alone value
in the case of a smooth bottom (the laminar-regime wave boundary layer, Re

w
¯

O(10$)). Likewise, Simons et al.’s (1988) data indicate a substantial increase in the
bottom shear stress ; this is because the bottom of the wave flume was covered by gravel
in their experiments, and the wave boundary layer was in the transition}turbulent
regime.

The friction coefficient for the combined flow, corresponding to the mean wall shear
stress, is defined by

f a¯ 2
τa

ρV #

. (13)

Figures 13(a) and 13(b) depict the present friction-coefficient data plotted against the
velocity ratio U

m
}U

fc
, adopting the representation used by Fredsøe (1984). Here, U

fc

is the friction velocity of the current component of the combined flow:

U
fc

¯ (τ
c
}ρ)"/#. (14)

Figure 13 also includes the values of the friction coefficient found from the Nikuradse
diagram (the arrows on the vertical axes) (Schlichting 1979, p. 598) when U

m
}U

fc
¯ 0,

the steady-current case. The present values are in reasonable agreement with the
Nikuradse values (the discrepancy is within 15–20% in the worst case).

Figure 13 shows that the friction coefficient varies with U
m
}U

fc
in much the same

way as in figure 10. Of particular interest is the dip experienced by the friction
coefficient for Re

c
¯ 5.9¬10$, 1.1¬10%, and 2.7¬10% in figure 13(a), and Re

c
¯

5.9¬10$, and 1.1¬10% in figure 13(b). This corresponds to the fall in τa }τ
c
in figures

11 and 12 where τa }τ
c
! 1.

It may be noted that the way in which the friction coefficient changes with U
m
}U

fc

is similar to that obtained theoretically by Fredsøe (1984), using the depth-integrated
momentum equation with a logarithmic velocity distribution both inside and outside
the wave boundary layer. However, neither in Fredsøe’s work nor in more refined flow
modelling studies (such as Grant & Madsen’s 1979 eddy viscosity model, or Davies et
al.’s (1988) turbulent-energy closure model), could the previously mentioned dips be
captured, because these are related to the wave boundary layer processes where the
turbulence is heavily or completely suppressed, as described in the preceding
paragraphs.
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Finally, figures 14(a) and 14(b) present the flow-resistance data in terms of the
apparent roughness, k

w
. Here, k

w
is defined by the familiar resistance formula

V

U
f

¯ 2.46 ln 07.4R

k
w

1 (15)

in which k
w

is Nikuradse’s equivalent sand roughness (Schlichting 1979, p. 621), and
represents the roughness caused by the wave boundary layer, and U

f
is the friction

velocity corresponding to the mean wall shear stress, U
f
¯ (τa }ρ)"/#. For convenience,

k
w

in figure 14 is normalized by k
s
, the roughness obtained from (15) in the case of the

steady current (k
w

in (15) is replaced by k
s
, and U

f
by U

fc
). (The actual values of k

s
were

found in the range 2)k
s
U

fc
}ν) 8, which is not radically different from k

s
U

fc
}νE 4,

the value corresponding to a smooth wall, Monin & Yaglom 1973, p. 289.)
As seen from figure 14, the wave-induced apparent roughness experiences a variation

similar to the friction coefficient (cf. figure 13). The figure further shows that the
apparent roughness increases tremendously with increasing U

m
}U

fc
in the wave-

dominated, turbulent regime.



334 C. R. Lodahl, B. M. Sumer and J. Fredsøe

4

1 103

Um/Ufc

Rec = 5.5 ×104

(b)

10210

8

4
8

4
8

4

12

20

kw

ks

Rec = 2.7 ×104

Rec =1.1×104

Rec = 6.6 ×104

4

1 103

Um/Ufc

Rec = 5.8 ×104

(a)

10210

4
8

4

12

1

8

16

kw

ks

Rec = 2.7 ×104

Rec =1.1×104

Rec = 5.9 ×103

4

12

20

Rec =1.6 ×105

1

1

1

1

1

1

1

1

F 14. Apparent roughness (caused by the oscillatory component of the flow (equation (15))
normalized by the Nikuradse equivalent sand roughness experienced in the case of the steady current
alone. (a) R}δ¯ 53, (b) R}δ¯ 25.

7. Oscillating component of the wall shear stress

One of the quantities related to the oscillating component of the wall shear stress is
τ
max

, the maximum value (see figure 8b for the definition). Figures 15(a) and 15(b)
display the variation of this quantity normalized by τ

c
τ

w
in which τ

w
is the maximum

wall shear stress corresponding to the oscillatory component of the combined flow
(figure 8a). Obviously, τ

max
}(τ

c
τ

w
) is equal to unity in the case of a linear interaction.

Figure 15 indicates that, for the majority of the cases, this interaction is nonlinear. It
may be noted that τ

max
also contains the contribution from the nonlinear interaction

for the mean wall shear stress, τa , itself (figure 10).
The influence of a superimposed current on the maximum wall shear stress can be

described by the quantity τ
max

®τa , the actual oscillating component of the wall shear
stress (figure 8b).

In the case of the oscillatory-flow alone (the reference case), τa is zero, and therefore
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F 15. Maximum wall shear stress. (a) R}δ¯ 53, (b) R}δ¯ 25.

τ
max

®τa ¯ τ
w
. Figure 16 presents the data for τ

w
in terms of the wave friction

coefficient

f
w

¯2
τ
w

ρU #
m

. (16)

The figure also contains the laminar-flow solution of Uschida (1956) (the straight solid
lines).

Figure 16 shows that the laminar friction-coefficient curve for R}δ" 7 branches at
Re

w
¯ 1.5¬10& in the turbulent region where f

w
increases with increasing R}δ.
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The data for τ
max

®τa in the case of the combined flow are plotted in figures 17(a) and
17(b) (in the same way as in the previous figure) in which the friction coefficient f

osc
is

defined by

f
osc

¯ 2
τ
max

®τa
ρU #

m

. (17)

Clearly, (τ
max

®τa )}τ
w

¯ 1 or, alternatively, from (16) and (17), f
osc

¯ f
w
, when the

interaction is linear. The solid lines in figure 17 represent the linear interaction, namely
f
osc

¯ f
w
, taken from figure 16.

Figure 17 indicates the following:
(i) For combinations of small Re

c
together with large values of R}δ, the oscillating

component of the wall shear stress is practically unaffected by the superposition of a
current. The current is felt, however, for large values of Re

c
combined with small R}δ,

as seen from figure 17(b).
(ii) It is interesting to note that the f

osc
versus Re

w
curves in the nonlinear interaction

regions appear to be the direct extensions of the turbulent-regime curves into the
laminar-flow-regime areas.

The preceding observations suggest that the oscillating part of the combined flow is
not affected by the current turbulence for small Re

c
(such as Re

c
¯ 6.6¬10$, 1.1¬10%,

and 2.7¬10% when R}δ¯ 53, and Re
c
¯ 6.3¬10$, and 1.1¬10% when R}δ¯ 25),

mainly due to the not fully developed turbulent boundary layer (figure 9). However,
when the flow becomes a fully developed turbulent boundary layer, the current
turbulence begins to influence the oscillating component of the combined flow; no
matter what the original regime of the oscillating component of the flow is (laminar,
or turbulent), the oscillating boundary layer always becomes turbulent, and hence the
momentum-rich, high-speed fluid is brought near the wall by this turbulence,
presumably enhancing the oscillatory component of the wall shear stress.
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There is comparatively little information on the oscillating component of the bottom
shear stress in the case of actual wave boundary layers where the oscillatory flow
component is induced by actual waves (Soulsby et al. 1993). The laboratory data
corresponding to a combined flow where the waves propagate at an angle (at 90°,
Sleath 1990, and at 90° and also at values slightly different from 90°, Arnskov et al.
1993) suggest that the oscillatory part of the bottom shear stress is close to their
corresponding waves-alone values. Likewise, Kemp & Simons’ (1982, 1983) experi-
ments (where the waves propagate in the same direction as the current) suggest that
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the oscillatory part of the bottom shear stress is practically unaffected by the presence
of the current. This may be due to relatively small current Reynolds numbers in these
laboratory experiments, as suggested by the present findings.

8. Mean- and fluctuating-velocity profiles

8.1. Current alone

The measured velocity profiles ua (y) (see table 1) were found to compare well with the
van Driest profile (van Driest 1956), namely

u+¯ 2&y
+

!

dy+

1[14κ#y+#(1®exp(®y+}A))#]"/#
, (18)

in which u+ and y+ are the velocity and the distance from the wall, respectively,
normalized by the inner-flow parameters U

fc
and ν :

u+¯ ua}U
fc
, (19)

y+¯ yU
fc
}ν, (20)

κ is the Ka! rma! n constant (E 0.4), and A is the van Driest damping factor (¯ 25). The
measured turbulence profiles, on the other hand, were found to compare well with the
existing data (in Wei & Wilmarth 1989 for (u«#)"/#}U

fc
, and in Laufer, 1951, and

Durst, Jovanovic & Sender, 1995, for (w«#)"/#}U
fc
).

8.2. Oscillatory-flow alone

Figure 18 displays the measured velocity profiles in terms of the inner-flow parameters
at different phase values for Re

w
¯ 2.4¬10', while figure 19 displays the corresponding
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of the flow. R}δ¯ 53.

turbulence profiles of the r.m.s. values of u«. Here u+ and y+ are defined in the same way
as in (19) and (20) with ua replaced by uh (ωt), and U

fc
replaced by U

f
, the friction velocity,

U
f
(ωt)¯ (rτh

!
(ωt)r}ρ)"/#, (21)

corresponding to the given phase value (see figure 20). (The directly measured U
f

values, depicted in figure 20, are used in figures 18 and 19.
In figure 18 are plotted the data from the plane-boundary oscillatory-flow research
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also (Jensen et al., 1989), and the van Driest velocity profile (the solid curves) with,
again, U

fc
replaced by U

f
(equations (18), (19) and (20)). The phase ωt¯ 0° corresponds

to the instant when the centreline velocity becomes zero (equation (5)). It appears that
the velocity profiles in the present pipe case, and Jensen et al.’s plane-boundary case
agree quite well. The figure indicates that the logarithmic layer (the straight-line
portion of the velocity profile) first emerges around ωt¯ 30°, and then it gradually
grows in size, as the flow progresses. The present profiles are well represented by the
van Driest profile with y+ values up to about 500 for phase values where the pressure
gradient (¦p}¦x) is very small or nil (ωtE 60°–120°), similar to the case of a steady
current (Monin & Yaglom 1973, p. 273).

The turbulence profiles, Jensen et al.’s plane boundary data, and the known steady
boundary-layer distributions (the solid curves) (see for example, Spalart 1988) are also
included in figure 19 for comparison. Here, too, despite some slight differences, the
present data and the data from Jensen et al.’s study agree quite well. Also, the present
data appear to be consistent with the steady-current data, particularly in the phase
interval where the pressure gradient is small or nil (ωtE 30°–140°).

Measurements made for other values of Re
w

(0.7 and 6.8¬10') show similar
features.

8.3. Combined oscillatory flow and current

Figures 21(a) and 21(b) show the time development of the velocity profiles, plotted in
terms of the inner-flow parameters, over one period of the oscillatory flow in the
combined-flow case. As indicated in the figures, the Re

w
¯ 0.7¬10' case in figure 21(a)

represents a current-dominated case (V}U
m

¯ 1.3), while the two cases in figure 21(b)
represent two wave-dominated cases (V}U

m
¯ 0.22 and 0.12). In figure 21, the van

Driest velocity profile (the solid lines) is retained in all the panels as a reference line.
The phase definition in the figure is the same as that in figure 8(b) ; in the first half-cycle
of the oscillatory flow (ωt¯ 0°®180°), the steady current and the oscillatory flow are
in the same direction, in the second half-cycle (ωt¯ 180°–360°) the opposite. Figure
21(a) shows that the measured velocity profiles now have two distinct straight-line
portions near the wall (i.e. two ‘ logarithmic layers ’), namely for instance for ωt¯ 30°,
ab and bc – different from the steady current case, and also from the pure oscillatory-
flow case (cf. figure 18 for the latter case). The lower portion, ab, of the velocity profile
is apparently associated with the wave boundary layer ; as seen from figure 21(a), it
grows in size, and gradually changes its slope, as the wave boundary layer develops
over the first half-cycle (ωt¯ 30°–180°). In the next half-cycle, its slope becomes even
larger than that of bc (see the profile for Re

w
¯ 0.7¬10'). (The velocity profile for

Re
w

¯ 2.4¬10' in figure 21(a) begins to behave differently, starting a little after ωt¯
210° until about ωt¯ 330° ; this is linked with the more pronounced influence of the
oscillatory component of the flow where V}U

m
¯ 0.7.) Given the fact that the ab

logarithmic layer is quite far from the normal level (characterized by the van Driest
profile), this log layer obviously cannot be explained by a quasi-steady near-wall layer.

By contrast, the velocity profile displayed in figure 21(b) have only one straight line
portion near the wall (i.e. one logarithmic layer) for both Re

w
. This is because both

cases in figure 21(b) correspond to the wave-dominated regime, as mentioned
previously; hence the resulting picture is somewhat similar to figure 18, the oscillatory-
flow-alone case. Furthermore, the figure shows that the Re

w
¯ 2.4¬10' profile reverses

earlier than the Re
w

¯ 0.7¬10', and obviously this is because of the larger wave
component in the case of Re

w
¯ 2.4¬10'.
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Figures 22(a) and 22(b) illustrate how the (u b«# )"/#}U
f

profiles evolve in the phase
space. The steady boundary-layer distributions referred to earlier in the previous
section are retained in the figures as a reference line (the solid curves).

From figure 22(a), it appears that the (u b«# )"/#}U
f

profiles are consistent with the
steady boundary-layer profiles, except in the phase interval ωt¯ 210°–280°. For these
phase values, the magnitude of the combined flow velocity, and hence the wall friction
velocity U

f
, becomes rather small (figure 20a). Therefore, the normalized turbulence

quantity (u b«# )"/#}U
f

becomes rather large (a factor of 2 larger than the steady
boundary-layer values) due to the considerable reduction in the friction velocity.

From figure 22(b), it is seen that the turbulence profiles are in remarkable accord
with the steady boundary-layer profiles. This is because this flow is a wave-dominated
flow, and therefore the resulting picture is expected to be much the same as in figure
19, regardless of the two successive half-periods.

The turbulence data for the tangential velocity component (figure 1) are not given
in this paper, but obtainable electronically from the authors at ISVA.

Figure 23 depicts the period-averaged velocity profiles

uh a (y)¯
1

T&
T

!

uh (y,ωt) dt (22)

for Re
c
¯ 1.6¬10& for three different cases, namely the current-alone case, and two

combined-flows, Re
w

¯ 2.4¬10' and 6.7¬10'. The figure clearly shows that the slope
of the straight line portion of the velocity profiles near the wall (duh a}dy) increases when
the oscillatory flow is superimposed on the current, meaning that the mean wall shear
stress increases with the introduction of the oscillatory flow. From the slope
information, while the increase in the mean wall shear stress is τa }τ

c
¯ 1.4 for Re

w
¯

2.4¬10', it is τa }τ
c
¯ 1.7 for Re

w
¯ 6.7¬10'. This is in good agreement with the data

obtained from the direct wall shear stress measurements depicted in figure 12(a).
Figure 24 presents the period-averaged turbulence velocity profiles

(u b«# )"/#(y)¯
1

T&
T

!

(u b««#)"/#(y,ωt) dt (23)

for Re
c
¯ 1.6¬10& for seven different cases, namely the current-alone case, the wave-

alone cases Re
w

¯ 0.7¬10', 2.4¬10' and 6.7¬10', and their combinations. The
current-velocity-to-wave-velocity ratio V}U

m
is also indicated in the figure. Figure 24

shows the following features :
(i) From figure 24(a) it is seen that the turbulence profile corresponding to the

combined flow and that corresponding to the oscillatory flow alone collapse virtually
on the same curve, while that corresponding to the current-alone case is totally
different.

(ii) By contrast, the turbulence profile corresponding to the combined flow, and that
corresponding to the current alone in figure 24(c) collapse virtually on the same curve,
while that corresponding to the oscillatory-flow-alone case is totally different.

F 22. Profiles of the r.m.s. value of the fluctuating streamwise velocity at different phase values.
Combined flow. R}δ¯ 53. Re

c
¯ 1.6¬10&. Triangles : Re

w
¯ 0.7¬10', V}U

m
¯ 1.3. Crosses :

Re
w
¯ 2.4¬10', V}U

m
¯ 0.7. Solid lines : Steady boundary layer. (Note that the panel corresponding

to ωt¯ 300° does not contain  symbols, because the friction velocity corresponding to this case at
this instant is virtually zero). (b) As (a) but Re

c
¯ 2.7¬10%. Triangles : Re

w
¯ 0.7¬10', V}U

m
¯ 0.2.

Crosses : Re
w
¯ 2.4¬10', V}U

m
¯ 0.1. Solid lines : Steady boundary layer.
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This is because, in the former case (figure 24a), the combined flow is a wave-
dominated flow, and hence the resulting turbulence profile behaves essentially the same
as in the case of the oscillatory-flow alone, while, in the latter case (figure 24c), the flow
is basically a current-dominated flow, and consequently, the turbulence profile behaves
much the same as in the case of the current alone. In figure 24(b) on the other hand,
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the combined-flow turbulence profile near the wall is apparently different from the
profiles corresponding to the fundamental cases, basically due to the fact that, in this
case, the two components are of equal significance. Also, it may be noted that the
turbulence level in the combined flow case is larger (only slightly) than those of the
fundamental cases.

The turbulence profiles obtained for the other Re
c

where similar measurements
were made (Re

c
¯ 2.7¬10%) show similar trends.

9. Conclusions

The transition to turbulence in the case of a combined oscillatory flow and current
in a pipe is a function of three parameters : the current Reynolds number, Re

c
, the

oscillatory-flow Reynolds number, Re
w
, and the radius-to-Stokes’-layer-thickness,

R}δ. The transition to turbulence in the combined-flow case occurs at Re
c
larger than

the conventional critical value, ca. 2¬10$. For instance, for R}δ¯ 53, and Re
w

¯
8¬10%, the critical value of the Reynolds number is Re

c
¯ 7¬10$, a factor of 3.5

increase in the critical value.
A turbulent current can be laminarized by introduction of an oscillatory flow, the re-

laminarization. For the re-laminarization of a turbulent current, (a) the combined flow
needs to be wave dominated, and (b) the oscillatory component of the flow needs to be
in the laminar flow regime.

When an oscillatory flow is superimposed on a turbulent current, the period-
averaged wall shear stress (the mean wall shear stress), τa , may retain its value, it may
decrease, or it may increase, depending on the flow regime: if the combined flow is in
the current-dominated regime (V}U

m
* 1) while the oscillatory-flow component is in

the laminar regime (Reω ! 1.5¬10&), τa retains its current-alone value (linear
interaction) ; if the combined flow is in the wave-dominated regime (V}U

m
) 1) while

the oscillatory-flow component is in the laminar regime (Re
w

! 1.5¬10&), τa decreases
(nonlinear interaction) ; if the combined flow is in the wave-dominated regime
(V}U

m
) 1) while the oscillatory-flow component is in the turbulent regime

(Re
w

" 1.5¬10&), τa increases (nonlinear interaction).
Of particular interest is the increase in the mean wall shear stress. The present results

show that this increase can be as much as O(4–5) for the test conditions employed in
the study, depending on the parameters Re

c
, Re

w
, R}δ.

The component of the wall shear stress oscillating around τa may retain its
oscillatory-flow-alone value, or it may increase, depending on the turbulence level of
the combined flow. For an increase, the originally laminar oscillatory boundary layer
needs to become a fully developed turbulent boundary layer, when a turbulent current
is superimposed. An increase of as much as O(3–4) has been measured in the present
study for this quantity.

The period-averaged velocity profiles across the cross-section of the pipe near the
wall is logarithmic. The period-averaged turbulence profiles across the cross-section of
the pipe reveal that : when the flow is in the wave-dominated regime, these profiles are
virtually the same as in the oscillatory-flow-alone case ; when the flow is in the current-
dominated regime, they are essentially the same as in the current-alone case ; and
otherwise, they are different from those corresponding to the fundamental cases ; the
turbulence level is generally increased (only slightly) with respect to those in the
corresponding fundamental cases.

The data reported in this paper are obtainable in electronic form from the authors
at ISVA.
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